This paper studies a leader-follower formation tracking problem where the leaders are moving at the same unknown bounded velocity. A distance-based control law is proposed for follower agents to maintain the desired distances in the formation and move at the leaders' velocity. The control law consists of a component to handle the uncertainty of the leaders' velocity and a component to achieve the desired distances in finite time. Numerical simulations are also provided to support the theoretical results.
is more challenging because the agents have to keep the desired formation shape and follow a reference trajectory simultaneously. In [13] , an undirected formation tracking problem was studied, where the authors introduced a nonlinear PI controller so that the agents can track a leader moving at a constant velocity. This nonlinear PI design method was also applied in a bearing-only based formation tracking problem in [14] . The authors in [3] , [15] studied a directed leader-follower formation and proposed a velocity estimator to estimate the leaders' velocities. However, the velocity estimator in [3] , [15] is applicable when the leaders' velocity is constant or vanishes exponentially fast. The authors in [16] also studied a distance-based problem where the reference velocity of the formation centroid is estimated (by a consensus algorithm) and tracked by all agents.
In this paper, we study a distance-based formation tracking problem for single-integrator modeled agents in R d (d = 2, 3). There are d leaders moving with the same unknown bounded reference velocity. The remaining agents, called followers, can measure the relative positions of d neighboring agents in their local reference frame and know an upper bound of the reference velocity. The sensing/controlling topology among agents in the formation is described by a rigid and directed acyclic graph. Then, there exists a first follower agent, whose neighbors are d leader agents. A finitetime control law is proposed so that the first follower can achieve all the desired distances with regard to the leaders and follow the reference velocity at the same time. The proposed control law consists of two components: the first component tracks the unknown reference velocity, and the second component drives the agent to the desired position in finite-time. After that time, the first follower can be considered as a new leader, and by induction, the analysis and control design for the remaining followers are repeated.
The main contribution of this paper is proposing a novel distributed formation tracking control law for a class of unknown bounded reference velocity. The control law consists of a signum component for suppressing the effect of the leaders' velocity (which acts as a disturbance) and a finite-time formation control law. Although finite-time distance-based formation control was studied in [17] [18] [19] , a different finite-time control law and a new convergence proof are provided in this paper. Also, a sufficient condition for convergence regarding the initial position of the first follower is introduced. Note that a different signum component can be found in [7] , [20] for the formation acquisition task and in [21] for the dynamic average consensus problem.
The remainder of this paper is organized as follows. In Section 2, we provide the assumptions and formulate two problems studied in this paper. The proposed control law and the stability analysis are presented in Section 3. Simulation results are shown in Section 4, and Section 5 concludes the paper.
II. PRELIMINARIES

A. Notation
In this paper, R, R d and R m×n denote the set of real numbers, the d-dimensional Euclidean space and the set of m × n real matrices, respectively. Let u = [u 1 , . . . , u d ] T be a vector in R d . u denotes the 2-norm of u. We denote sign(u) = [sign(u 1 ), . . . , sign(u d )] T and sign α (u) = u/ u 1−α , where 0 < α < 1 and sign(·) is the signum function. 1 m,n denotes a m × n real matrix with all entries equal to 1. Given a matrix A = (a ij ) ∈ R m×n , abs(A) denotes the matrix (|a ij |) ∈ R m×n . Functions det(·), adj(·), · F , and vec(·) denote the determinant, the adjugate matrix, the Frobenius norm, and the vectorization operation respectively. We use to denote the Hadamard product of matrices. If all entries of a matrix A − B are non-negative numbers, we write A B or B A.
B. Problem Formulation
Consider a system of n single-integrator agents in the ddimensional space (d = 2, 3). Let p 1 ,. . . , p n ∈ R d denote the positions of the agents written in a global reference frame. Suppose that in the system, there are d leader agents which have knowledge about the global reference frame and they are moving with the same reference velocity. More specifically, the leaders' motions are governed by the equationṡ p i = f (t), i = 1, . . . , d, where f (t) ∈ R d is assumed to be a bounded, continuous reference velocity which is the same for all leaders. The other agents are followers and each follower i ∈ {d+1, . . . , n} maintains a local reference frame i . The motion of a follower i can be expressed in its local reference frame as follows:ṗ i i = u i i , i = d + 1, . . . , n, where p i i and u i i ∈ R d are the position of agent i and its control input expressed in i , respectively. The relative position of agent j with regard to agent i in i , or the local displacement between i and j, is defined as p i ji := p i j − p i i . Further, we denote p ji = p j − p i as the displacement written in g . The distance between i and j is denoted by
is used to characterize the interaction among the agents in the system, where V is the set of nodes and E is the set of edges. Each node in V = {1, . . . , n} represents an agent in the system. The neighbor set of node i is defined as N i := {j ∈ V : (i, j) ∈ E}. Then, (i, j) ∈ E or j ∈ N i means that agent i senses the relative positions of agent j with respect to i and controls the distance d ij between them.
In this paper, we consider formations that have a leaderfollower sensing/controlling graph G constructed by the following procedure, which is called Procedure 1, as illustrated in Fig. 1 :
• For i = d + 1, . . . , n, add a vertex i together with d directed edges (i, j) to the current graph, where j ∈ {i − d, . . . , i − 1}. From the construction of G, it is clear that G is directed and acyclic. Furthermore, for each follower
We consider formations defined by (Ḡ, p), whereḠ characterizes the distance constraints between n agents and p := vec (p 1 , . . . , p n ) is a realization ofḠ in R d . The realization p induces a set of realizable distance constraints Γ = {d ji = p j − p i : (i, j) ∈ E}. Conversely, the set Γ is realizable since there exists a realization p ∈ R dn satisfying all the distance constraints in Γ.
Two realizations p and q ofḠ are congruent if and only if p j − p i = q j − q i , ∀i, j = 1, . . . , n. A realization p is rigid if there exists > 0 such that all realizations q of the distance set induced by p and satisfying p − q < are congruent to p. The graphḠ is generically rigid if almost all of its realizations are rigid [4] , [22] . The following assumptions will be adopted in this paper:
The leaders are initially positioned at p i (0), i = 1, . . . , d, so that p j (0) − p i (0) = d * ji , ∀i, j = 1, . . . , d, i = j and they move at the same velocity. The initial positions of a follower i = d + 1, . . . , n and its neighbors are not degenerate in R d . Assumptions 2 and 3 imply that for any i = d + 1, . . . , n, the dimension of the affine span of p * i and p * j for j ∈ N i is also d. The problem studied in this paper can be stated as follows:
Given the nagent system satisfying Assumptions 1-3, design control laws for the followers so that:
is an unknown continuous vector function in R d satisfying g ≤ M and M > 0 is a known constant.
III. MAIN RESULTS
A. Proposed control law
Consider the first follower i = d+1. For any two numbers α and k satisfying α ∈ (0, 1) and k > 0, we propose the following control law written in the local reference frame of agent i: where e ji = d 2 ji −(d * ji ) 2 , ∀j ∈ N i are the distance errors and k > 0 is a control gain. This control law is distributed since each agent i uses only the relative position of its neighboring agents. Proof. We denote the leaders' velocity in the reference frame of agent i by g i . There exist a rotation matrix U i and a vector v i such that the coordinates of a point A on the frame of agent i is calculated on the global reference frame according to the formula p i (A) = U i p(A) + v i . Hence, g i = U i g. Thus, the following inequality holds g i = U i g = g ≤ M. This leads to the following evaluation as follows: abs(g i ) M 1 d,1 . Consider the following positive definite, continuously differentiable Lyapunov function V = 1 4 j∈Ni e 2 ji . It follows from the chain rule [23] thaṫ
B. Stability analysis
Since V is smooth and does not explicitly dependent on t, we haveV
where
Substituting this result into (2) yieldṡ
Note that SIG(x) = {sign(x)} if x = 0 and = [−1, 1] if x = 0, this implies x SIG (x) = {|x|} ∀x, which leads to the following equatioṅ
(3) From the fact that abs(g i ) M 1 d,1 , it follows that abs sign z i i g i = abs g i M 1 n,1 , which implies M abs z i i T 1 d,1 + (z i i ) T g i ≥ 0. Now the evaluation ofV can be derived according to (3) as followsV ≤ −k z i i α+1 , this implies vec p i i , p i j1 , . . . , p i j d approaches the largest invariant setS = vec p i i , p i j1 , . . . , p i j d :V = 0 , which is equivalent to lim t→∞ j∈Ni e ji p i ji = lim t→∞ z i i = 0. Furthermore, the boundedness of V can be obtained as
From (4) and the definition of e ji we have p ji is bounded for all j ∈ N i . It follows from the fact that g i ≤ M that the leaders' velocity is also bounded. For the first follower Proof. As vec(P ) → D when t → ∞, ∀ > 0, ∃T such that ∀t ≥ T , dist(vec(P ), D) ≤ . Therefore, there exist > 0 and a constant c such that det(P ) > c > 0 or det(P ) < c < 0, for all vec(P ) in the domain {vec(P ) : dist(vec(P ), D) ≤ }. This implies det −1 (P ) is bounded. In addition, the matrix adj(P ) is also bounded because p i j k i are bounded. It follows from P e = z i i that e = det −1 (P ) adj (P ) z i i . Because z i i → 0, as t → ∞, the right hand side of this equation tends to 0 when t → ∞. It follows that e ji → 0, ∀j ∈ N i . Lemma 3. There exist two positive numbers and ν < det 2 (P * ) such that for every neighborhood of P * satisfying V ≤ , we always have det 2 (P ) ≥ ν.
Proof. Let β be an arbitrary number in 0, det 2 (P * ) . Since V → 0, we have P → P * . Moreover, the determinant is continuous, so det 2 (P ) → det 2 (P * ). Consequently, there exists a positive number such that |det 2 (P ) − det 2 (P * )| < β if V ≤ . The inequality |det 2 (P )−det 2 (P * )| < β implies det 2 (P ) > det 2 (P * ) − β := ν. Proof. Since the matrix P T P is symmetric and positive definite, all its eigenvalues are positive real numbers. Let λ m be the minimum eigenvalue of the matrix P T P and λ r the remaining eigenvalues. From the structure of the matrix P , the relation holds j∈Ni e ji = P 2 F − P * 2 F . As a result, the following result is obtained
It follows that λ r < P 2 F ≤ √ 4d + P * 2 F , which leads to the following evaluation ∀t ≥ T 1 . According to [24] , the settling time can be evaluated as
Therefore, the control law drives the agent to the desired point in a finite time τ i = T 1 + T 2 .
Lemma 5. If there exists a time τ i such that V = 0, ∀t ≥ τ i , then u i i = g i , ∀t ≥ τ i . Proof. We have V = 0, ∀t ≥ τ i if and only if e ji = 0, ∀j ∈ N i , ∀t ≥ τ i . Taking the derivative of e ji = 0 for t ≥ τ i , we have (p * ji ) T (g i − u i i ) = 0, ∀j ∈ N i . It follows that (P * ) T (g i − u i i ) = 0. Because the matrix P * is nonsingular, we have u i i = g i , ∀t ≥ τ i .
Remark 1.
Under the proposed control law, after a finite time τ i , the agent i satisfies all desired distance constraints and has the same velocity as the leaders. At this point, it is possible to consider agent i as a leader to control the followers after it. Thus, the problem of controlling subsequent followers can be solved similarly and the stability of the n-agent formation follows from mathematical induction.
Remark 2. We can expand the problem by changing the velocity function f (t) of the leaders as follows
where G(t, φ) is an unknown continuous matrix function in R d×q satisfying G F ≤ M , where M > 0 is a known constant, and h(t) ∈ R q is a known continuous vector function satisfying h ≤ M , where M > 0 is a unknown constant. Choose any two numbers α and k satisfying α ∈ (0, 1) and k > 0, we propose the following control law:
The performance of this controller can be studied similarly. These previous lemmas and theorems are still correct.
IV. SIMULATION RESULTS
In this section, we conduct simulations to validate the theoretical results in the previous section. In the two-dimensional space, consider a system of six agents (two leaders (i = 1, 2) and four followers (i = 3, 4, 5, 6)). The graph is generated from Procedure 1 as shown in Fig. 1 (left) , and each agent i = 3, . . . , 6 have agents i − 2 and i − 1 as the immediate leaders. The deviated angles between the global reference frame and the local reference frame of agents i = 3, . . . , 6 are correspondingly π 3 , 2π 3 , −π 4 and −π 3 rad. We use the control law (1) with α = 0.5 and k = 1 for each follower, and adopt the following parameters: Trajectories of six agents and distance errors e ji = d 2 ji − (d * ji ) 2 between agents are depicted in Fig. 2 . These figures show that when t > 1 (s), the distances errors are all zero. The agents then have the same velocity, and thus the formation shape is maintained after that. However, if we change several parameters in the simulation as follows T , then the distance errors e 13 and e 23 do not tend to 0 as can be seen in Fig. 3 . The reason for this phenomenon is that the value of the Lyapunov function at the beginning was not small enough. Thus, simulation result is consistent with Lemma 2, i.e., if the initial value of the Lyapunov function is smaller than min S\D V , the desired distances will be achieved. Otherwise, the formation may approach to the undesired invariant set S \ D. In this paper, a distance-based formation tracking law for a class of unknown bounded reference velocity was proposed. The proposed control law guarantees the followers to maintain the desired distances concerning its leader and move with the leader's velocity in a finite time. Simulation results were provided to validate the analysis. However, we need some assumptions on the initial value of the Lyapunov function to ensure the stability of the first follower. We hope to investigate this condition further to make it easier to evaluate the system of n agents.
